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Abstract
Several ultra-compact accurate wave functions in the form of generalized Hylleraas-Kinoshita
functions and Guevara-Harris-Turbiner functions, which describe the domain of applicability of
Non-Relativistic QED (NRQED) for the ground state energies (4-5 significant digits (s.d.)) of
Helium-like and Lithium-like iso-electronic sequences in static approximation with point-like, in-
finitely heavy nuclei, respectively, are constructed. It is shown that for both sequences the obtained
parameters can be fitted in Z by smooth simple functions; in general, the parameters differ from
ones emerged in variational calculations. For He-like sequence the approximate expression for the
ground state function, which provides absolute accuracy for energy ∼ 10−3 a.u. and the same
relative accuracies ∼ 10−2 − 10−3 for both cusp parameters and four expectation values, is found.
For Li-like sequence the most accurate ultra-compact function taken as variational trial function
provides absolute accuracy for energy ∼ 10−3 a.u., 2-3 s.d. for electron-nuclear cusp parameter for
Z ≤ 20 and 3 s.d. for two expectation values for Z = 3.
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INTRODUCTION
Needless to say that wave functions which are compact, but still quite accurate, are
extremely valuable as tools for gaining understanding of quantum systems. It is especially
important when these functions describe the domain of applicability of non-relativistic quan-
tum mechanics, the domain which is free of corrections of any type like relativistic etc. In
particular, compact accurate functions in atomic physics are of a great importance in study
of atomic collisions. Among compact wave functions one can found those which are close
to the exact wave functions being uniform approximation locally of them, thus, implicating
the approximate solution of the original quantum problem.
Probably, the idea to look for compact wave functions for atomic systems can be assigned
to E Hylleraas [1] who tackled Helium atom in static approximation with infinitely heavy,
point-like nucleus. He had introduced the function, see [1], eq.(13), which was later called
the Hylleraas function, in the form of symmetrized product of three (modified by screening)
Coulomb Orbitals,
Ψ
(H)
0 =
1
2
(1 + P12)e
−α r1−β r2+γ r12 , (1)
where P12 is permutation operator of electrons, r1,2,12 are electron-nucleus, electron-electron
distances and α, β, γ are parameters. Taking (1) as a trial function for the ground state
with α, β, γ playing the role of non-linear variational parameters, 2-5 significant digits (s.d.)
- before rounding - in total energies vs increasing nuclear charge Z ∈ [1, 20] are reproduced,
see e.g. [2]. In fact, the compact function (1) with optimal variational parameters αv, βv, γv
is one of the most accurate 3-parametric trial function in domain Z ∈ [1, 20]. It describes
with high accuracy the domain of applicability of non-relativistic QED for He-like systems:
He, Li+, Be++ etc, and leads to the Majorana formula for the ground state energies, see [2].
Taking (1) as entry one can construct the effective potential [3],
V0 =
∆Ψ
(H)
0
Ψ
(H)
0
, (2)
for discussion see [2], for which Ψ
(H)
0 is the exact ground state wave function. It can be easily
checked that V0 mimics the original potential V even reproducing the Coulomb singularities
and, for artificially constrained parameters α+ β = Z , γ = 1, it leads to exact values of its
residues (cusp parameters). Making comparison of the original potential V and V0 it can be
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easily checked that
|V − V0
V
| . const ,
is bounded. It guarantees the finite radius of convergence of perturbation theory in
V1 = V − V0 , (3)
which is the deviation of the original potential from V0 one
1, since V1 is subdominant
perturbation with respect to V0, see e.g. [4]. It is rather evident that the convergence occurs
for different values of parameters α, β, γ, in particular, for
α− γ > 0 , β − γ > 0 ,
which guarantee the normalizability of (1), not only for optimal (variational) ones αv, βv, γv
emerging in variational calculus.
However, after the original work [1] further development has mostly been focused on
construction of linear combinations of thousands of terms (configurations) as wave function
in order to reach extreme accuracy 2 in energy rather than a great compactness and a
reasonable accuracy (for discussion see [5]). Evidently, in such an approach the difficulty
in interpreting the essence of accurate wave functions occurs (as well as printing thousands
of (non)-linear parameters which enter to above-mentioned linear combinations). Mulliken
summarized (and predicted) this situation in the famous phrase [6] . . . the more accurate the
calculations became, the more the concepts tended to vanish into thin air. It is worth noting
the well-known evident drawback of this approach: the fast convergence in energy does not
guarantee the fast convergence in other expectation values.
In this paper we return to the original Hylleraas idea of searching compact functions for
He atom in its ground state in a form of single configuration with a few free parameters
extending it to He-like iso-electronic sequence. The idea to fix free parameters following
the minimum of variational energy (minimax principle) is abandoned in favor of the idea to
find a set of parameters leading to a uniformly-accurate description of expectation values
(including energy) with similar accuracies (even in local quantities) and getting analytic
formulas for parameters as the function of Z. However, as the first step the standard
variational calculation is carried in order to get understanding about overall quality and
1 In [3] where this perturbation theory was described, it was called the Non-Linearization procedure. In this
procedure the variational energy is given by the sum of the first two terms, Ev(αv, βv, γv) = E0 + E1.
2 Thus, realizing the linear Rayleigh-Ritz method
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adequacy of the considered trial function.
It is worth emphasizing that Carter [7] and then Korobov et al, [8] demonstrated that
the linear superposition of the Hylleraas functions
Ψ(N) =
N∑
i=1
ciΨ
(H)
i (r;αi, βi, γi) , (4)
leads to highly accurate results for energy and the fastest convergence with increase of the
length N among different bases commonly used, where both linear parameters {c} and
non-linear ones {α, β, γ} are found through minimization procedure. Furthermore, making
minimization one can see that the parameters αi, βi, γi in ith term Ψ
(H)
i demonstrate the
dependence on the length N of the linear combination in (4). Hence, the basis changes with
N . The striking fact is that if the first basic function Ψ
(H)
1 (r;α
(1)
1 , β
(1)
1 , γ
(1)
1 ) in (4) for N = 1
is chosen to be optimal, for larger N > 1 the first function Ψ
(H)
1 (r;α
(N)
1 , β
(N)
1 , γ
(N)
1 ) as the
result of overall minimization is not anymore optimal: its variational parameters are different
from α
(1)
1 , β
(1)
1 , γ
(1)
1 but remain close. From other side by keeping parameters α
(1)
1 , β
(1)
1 , γ
(1)
1
in the first function fixed and by making minimization with respect to other parameters
it deteriorate the variational energy insignificantly(!). In turn, by analysing the results for
energy one can see that the convergence of perturbation theory with Ψ
(H)
1 (r;α
(N)
1 , β
(N)
1 , γ
(N)
1 )
as zero approximation remains and its rate of convergence depends on N non-essentially 3.
As for Lithium atom in its ground state it was already made an attempt to find a compact
function in the form similar to Hylleraas function (1) taking the (anti)symmetrized product
of six (modified by screening) Coulomb Orbitals, see [10]; recently, it was extended to the
Lithium-like system at Z > 3 [2]. However, the goal to describe the domain of applicability
of NRQED for Li-like iso-electronic sequence was not reached. In current paper the functions
presented in [2, 10] are subsequently generalized in order to find one for which variational
energies are able to describe the domain of applicability of NRQED with maximally accurate
cusp parameters.
The paper consists of Introduction, two Parts and Conclusions. In Section I the Hylleraas
function is revisited as well as the Kinoshita function, they are interpolated and their two
subsequent modifications are proposed with parameters described by simple functions in
3 Recently, this was checked in detailed study of the cubic, quartic and sextic radial anharmonic oscillators
[9]: the first ten figures in energies of several low-lying states are given by the sum of the first three terms
(E0 +E1 +E2) in perturbation theory (in Non-Linearization procedure) independently on the non-linear
parameters in close proximity to optimal (variational) ones of the zero approximation.
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Z. The second function is built requiring a uniform description of energy, cusp parameters
and expectation values. In Section II the ultra-compact variational trial function for Li-like
sequence in the spin-doublet state of the lowest energy is found with parameters given by
the second degree polynomials in Z or in 1/Z2.
I. HE-LIKE TWO-ELECTRON SEQUENCE: GROUND STATE
A. Generalities. Hylleraas and Kinoshita functions
The Hylleraas function (1), originally written for Helium atom at Z = 2, can be con-
veniently modified to the case of He-like system (2e;Z) for any integer Z ≥ 1 indicating
explicitly possible Z-dependence in parameters,
ΨH =
1
2
(1 + P12) e
−αZr1−βZr2+γr12 , (5)
with new three free parameters α, β, γ, see [2] 4. Many years ago it was demonstrated [11]
that all integrals involved to the calculations of the expectation value of the Hamiltonian are
intrinsically 3-dimensional, in particular, in r1, r2, r12 variables and they can be evaluated
analytically. Eventually, the expectation value of the Hamiltonian
H = −1
2
2∑
i=1
∆i −
2∑
i=1
Z
ri
+
1
r12
, (6)
is a certain rational function of parameters α, β, γ, here ∆i is the Laplacian for the ith
electron. The procedure of minimization of the expectation value for energy
Eexp = 〈ΨH |H|ΨH〉 , (7)
in order to get the variational energy,
Evar = minα,β,γ Eexp ,
is essentially algebraic and can be easily performed. In [2], see Fig.2 in there, the optimal
(variational) parameters denoted as αv, βv, γv vs the nuclear charge Z are presented - they
are smooth, slow-changing functions of Z. One can show that in domain Z ∈ [1, 20] these
4 Present authors are not familiar with previous attempts to use the single Hylleraas function for Z > 2
(single configuration).
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parameters (multiplied by Z) display approximately a linear in Z behavior and are fitted
with high accuracy by the second degree polynomials in Z
αv Z = 0.033732 + 1.08564Z − 0.00177Z2 ,
βv Z = −0.42152 + 0.926356Z + 0.00131Z2 , (8)
γv Z = −0.082824 + 0.247235Z − 0.000125Z2 ,
all with very small coefficients in front of Z2 term. From concrete calculations of energy (7)
for different Z obtained with fitted parameters (8) one can see that this energy coincides with
the variational energy within 4-3 s.d. and both coincide systematically with exact NRQED
energies in 4-3 s.d., see Table I. The only exception occurs for the case Z = 1 (hydrogenic
negative ion H−), where (7) with parameters (8) leads to Eexp = −0.523, the variational
energy is slightly lower Evar = −0.524, while the exact NRQED energy is −0.527 (e.g. [8])
(all numbers are without rounding). Thus, the simple trial function (5) with parameters
(8) describes the energy in the domain of applicability of NRQED in static approximation
with reasonable accuracy, except for Z = 1. Furthermore, for all Z ∈ [1, 20] the optimal
parameters αv 6= βv, it indicates to the phenomenon of clusterization: one electron is closer
to the nuclei than another one 5. It measures deviation from the atomic shell model, where
both electrons are in (1s0) state.
Table I: Comparison of the ground state for Helium-like atoms at Z = 1, 2, 10, 20 calculated
variationally using the Hylleraas function ΨH (5) and the Kinoshita function ΨK (10). The
energy Evar in a.u., the nuclear-electron cusp CZ,e and electron-electron cusp Ce,e shown.
Z
Hylleraas ΨH Kinoshita ΨK
Evar CZ,e Ce,e Evar CZ,e Ce,e
1 -0.5239 -0.7794 0.1466 -0.5259 -0.7762 0.3128
2 -2.8995 -1.8236 0.2073 -2.9014 -1.8223 0.2927
10 -93.9026 -9.8374 0.2374 -93.9032 -9.8382 0.2536
20 -387.6531 -19.8387 0.2408 -387.6533 -19.8392 0.2490
Employing the Schro¨dinger equation for the Hamiltonian (6) allows us to construct the
5 Probably, the importance of the clusterization was observed when it was found that the Hartree-Fock
method does not lead to the bound state of H−, at Z = 1, in particular, it is true for the case when in
(5) α = β and γ = 0.
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expansion of the (exact) ground state function at small distances
Ψ = 1 − CZ,e (r1 + r2) + Ce,e r12 + . . . , (9)
where the coefficients
CZ,e = Z , Ce,e =
1
2
,
are called the cusp parameters, they are related to residues at Coulomb singularities in
(6) at r1 = 0, r2 = 0, r12 = 0. Overall quality of the function (5) can be “measured”
by how accurately this variational trial function reproduces both the electron-nucleus cusp
parameter CZ,e by the expression
(α+β)Z
2
, see Fig.3 in [2], and electron-electron cusp Ce,e by
γ. As for CZ,e at Z = 1 the difference is of order 20%, then it reduces to 1% at Z = 12 and
tends to zero at larger Z. In general, CZ,e =
(αv+βv)Z
2
grows with increase Z for the function
(5). As for the Ce,e = γ found by using the function (5), it grows with increase of Z but
not well-reproduced by the parameter γv. For large Z it differs in & 50% systematically
while for small Z the difference can reach several hundred percents 6 . It means that the
Hylleraas function ΨH(r;αv, βv, γv) does not behave correctly in vicinity of r12 = 0; at the
same time, it does not influence the quality of variational energy, hence, the contribution to
variational integrals coming from this domain is non-essential. However, if the parameter
γ in (5) is fixed manually to be equal 1/2 in order to reproduce Ce,e exactly, it leads to
a significant deterioration of the variational energy, specially at small Z: for Z = 1 it
goes from Eexp ≃ −0.477 (thus, no binding occurs for H−(!)), CZ,e ∼ 1.074, hence, being
∼ 10% of relative difference in energy with respect to the exact value, then at Z = 2 to
Eexp ∼ −2.858, CZ,e ∼ 2.037 (∼ 2% of relative difference in the energy with respect to the
exact value) and then goes down to Eexp ∼ −93.87, CZ,e ∼ 10.0 for Z = 10 (with a relative
difference of ∼ 0.04% respect to the exact energy) and Eexp ∼ −387.62, CZ,e ∼ 20.0 at
Z = 20 (with a relative difference in energy ∼ 0.01% respect to the exact value). These
results show that by fixing the parameter γ = 1/2 it leads also to an improvement of the
description of the cusp parameter CZ,e in the whole domain Z ∈ [2, 20]. Note that contrary
to the cusp parameters, not only the energy but also various expectation values calculated
with (5) give not-very-accurate results. All that can be considered as a hint for searching a
modification of the function (5) which would lead to relatively accurate expectation values
6 It is well known fact about difficulty to reproduce the electron-electron cusp parameter in variational
calculation, see e.g. [5].
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and cusp parameters.
As an alternative to (5), Kinoshita [12] proposed the function
ΨK =
1
2
(1 + P12)
[
(1 + br12) e
−αZr1−βZr2
]
. (10)
It turned out that being taken as the trial function the Kinoshita function (10) is the most
accurate 3-parametric trial function in domain Z ∈ [1, 20]. It gives the better results for
variational energy Evar and electron-electron cusp Ce,e than those based on the Hylleraas
function (5), being slightly worse as for electron-nuclear cusp CZ,e, see Table I for comparison.
Straightforward attempt to impose constraints b = 1/2 and (α+β) = 1 to get exact values for
cusps leads to a dramatic deterioration of variational energies similar to what happened for
the Hylleraas function ΨH (5). Serious drawback of the Kinoshita function is of qualitative
nature: the electron-electron cusp Ce,e found with (10) decreases with increase of Z. One
can draw a conclusion that the Kinoshita function should be modified essentially to change
this behavior.
B. Interpolating Hylleraas and Kinoshita functions
Let us take a natural interpolation of the Hylleraas (5) and Kinoshita (10) functions,
ΨHK =
1
2
(1 + P12) [(1− ar1 + br12) e−αZr1−βZr2+γr12 ] , (11)
(with extra term ar1 in pre-factor), where a, b, α, β, γ are Z-dependent parameters. It co-
incides with the Hylleraas function at a = b = 0, while at a = γ = 0 the function ΨHK
degenerates to the Kinoshita function. At Z →∞ the parameters a, b, γ → 0 and α, β → 1
and the function ΨHK becomes the exact ground state function of two non-interacting Hy-
drogen atoms.
In order to find parameters a, b, α, β, γ in (11) we impose three conditions:
(i) the energy Eexp = 〈H〉|ΨHK should reproduce not less than 4 s.d. for Z ∈ [2, 10] and 5
s.d. for Z ∈ [11, 20] before rounding and,
(ii) it should lead to maximally accurate value of the electron-electron cusp Ce,e given by
(γ + b), being close to the exact value 1/2 (9).
(iii) the parameters a, b, α, β, γ should be fitted by simple functions in Z in domain [1, 20].
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Finally, the resulting parameters are described by the second degree polynomials in Z
aHK = 0.16099 + 0.05000Z − 0.00065Z2 ,
bHK Z = −0.23516 + 0.59820Z + 0.06341Z2 ,
αHK Z = −0.04841 + 1.05701Z − 0.00187Z2 ,
βHK Z = −0.44227 + 0.90626Z + 0.00231Z2 ,
γHK Z = 0.25820− 0.20821Z − 0.05817Z2 ,
(12)
cf.(8). It is evident that the expectation value Eexp (7) over the function ΨHK (11) is
rational function of the parameters a, b, α, β, γ, while CZ,e and Ce,e are linear functions, see
below. It simplifies analysis. Making comparison of the parameters (12) in the modified
function (11) with the variational parameters in the Hylleraas function, see (8), one can find
out that the parameters αHK Z and βHK Z in (11) behave in similar way as the variational
parameters αvZ and βvZ in Hylleraas function. In general, they have to approximate almost
linear behavior as a function of Z: the parameters αHKZ and αvZ deviate slightly for
large Z, while the parameters βHKZ and βvZ almost coincide at Z ∈ [2, 20]. In turn, the
parameters γHKZ and γvZ behave differently: while the variational parameter γvZ exhibits
the linear growth with Z, the parameter γHKZ in (11) has a pronounced quadratic in Z
behavior. These parameters in the trial function (11) allow to reproduce with high accuracy
the electron-nuclear cusp
C
(HK)
Z,e =
(αHK + βHK)Z + aHK
2
= − 0.164843 + 1.00664Z − 0.00011Z2 , (13)
and also the electron-electron cusp, ranging from Ce,e ∼ 0.41 for Z = 2 to Ce,e ∼ 0.50 for
Z = 20, by
C(HK)e,e = γHK + bHK = 0.02306Z
−1 + 0.38998 + 0.00524Z , (14)
while the energy follows with high accuracy the Majorana formula [2],
E
(2)
HK(Z) = − 0.153282 + 0.624583Z − Z2 , (15)
see Table II. We also calculated different expectation values (which are the most difficult to
reproduce) using the function ΨHK (11) with parameters (12), see Table III. For Z ∈ [1, 10],
in general, there is agreement with previous calculations [5, 13, 14] 7 in 1-2 s.d. It is worth
7 Note the results from [5, 13, 14] coincide in 3-4 s.d.
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putting attention to 〈r1 · r2〉 at Z = 1 where the difference reaches about 40% although
one s.d. is reproduced (after rounding). Note taking instead of the parameters (12) the
variational (optimal) parameters in ΨHK for Z = 1, this expectation value is improved
dramatically: agreement becomes to ∼ 1%, while deteriorating the agreement in other
expectation values. Knowledge of the parameters (12) in ΨHK (11) allows us to calculated
the effective potential (2),
Veff =
∆ΨHK
ΨHK
, (16)
for which ΨHK is the exact ground state wave function and then develop perturbation theory
in difference
VPT = (V − Veff ) .
It can be easily checked that VPT is subordinate being bounded perturbation with respect
to the original potential V and the resulting perturbation theory should be convergent.
Knowing the expectation value Eexp (7) one can calculate the first correction δφHK to the
exponential phase φHK : (φHK + δφHK) of the wavefunction ΨHK :
ΨHK = e
−φHK .
It obeys the equation
(∆r1 +∆r2)δφHK − 2(∇r1φHK · ∇r1δφHK)− 2(∇r2φHK · ∇r2δφHK) = Eexp − VPT , (17)
see [3]. It allows us to construct the corrected wavefunction,
Ψ
(c)
HK = ΨHK (1− δφHK) . (18)
With this function one can calculate the first correction to expectation values,
Oexp = 〈ΨHK |O|ΨHK〉 − 2〈ΨHK |O|ΨHK · δφHK〉 , (19)
neglecting the contribution ∼ (δφHK)2. In particular, using this formula one can make
the estimate that the correction to the energy is of the order of 4th (5th) s.d. for Z ≤ 10
(Z ≥ 10). It seems interesting to make analysis of permutationally anti-symmetric function
Ψ
(−)
HK =
1
2
(1− P12) [(1− ar1 + br12) e−αZr1−βZr2+γr12 ] , (20)
cf.(11), to study the lowest energy spin-triplet state. It might be done elsewhere.
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Table II: Ground state energy E for the Helium-like sequence at 1 ≤ Z ≤ 20 calculated
with function ΨHK (11) and parameters (12) (first row), and with variational function ΨF
(22) constrained to (23), see text (second row), and with parameters (27) constrained to
(24), see text (third row). Eexact (rounded to 4 d.d.) from [2] (and refs therein). Absolute
deviation ∆E = E−Eexact, correlation energy Ecorr and relative deviation ∆E/Ecorr shown
and also normalized electron-nuclear cusp CZ,e = CZ,e/Z and electron-electron cusp Ce,e.
Z Eexact(a.u.) E(a.u.) ∆E(a.u.) Ecorr(a.u.) ∆E/Ecorr CZ,e (= 1) Ce,e (= 1/2)
1 -0.5278 -0.524 0.84168 0.418
-0.52526 0.84168 0.42084
-0.52685 0.00096 0.47316 0.00202 0.906 0.453
2 -2.9037 -2.903 0.924 0.412
-2.9027 0.924 0.462
-2.9026 0.00108 1.09738 0.00099 0.95675 0.478375
3 -7.2799 -7.279 0.95137 0.413
-7.2787 0.95137 0.475685
-7.2788 0.00113 1.72123 0.00066 0.97044 0.48522
4 -13.6555 -13.65 0.965 0.417
-13.6543 0.965 0.4825
-13.6544 0.00113 2.34563 0.00048 0.97734 0.48867
5 -22.0309 -22.03 0.97314 0.420
-22.0297 0.97314 0.48657
-22.0297 0.00116 2.97026 0.00039 0.98158 0.49079
6 -32.4062 -32.40 0.97853 0.425
-32.4050 0.97853 0.489265
-32.4050 0.00120 3.59500 0.00033 0.98447 0.492235
7 -44.7814 -44.78 0.98235 0.430
-44.7803 0.98235 0.491175
-44.7802 0.00119 4.21979 0.00028 0.98657 0.493285
8 -59.1566 -59.15 0.98519 0.435
-59.1554 0.98519 0.492595
-59.1554 0.00123 4.84463 0.00025 0.98817 0.494085
9 -75.5317 -75.53 0.98737 0.440
-75.5305 0.98737 0.493685
-75.5305 0.00123 5.46953 0.00023 0.98942 0.49471
10 -93.9068 -93.90 0.9891 0.445
-93.9055 0.9891 0.49455
-93.9055 0.00129 6.09449 0.00021 0.99044 0.49522
11 -114.2819 -114.28 0.9905 0.450
-114.2805 0.9905 0.49525
-114.2805 0.00141 6.71951 0.00021 0.99127 0.495635
12 -136.6569 -136.65 0.99164 0.455
-136.6555 0.99164 0.49582
-136.6554 0.00147 7.34457 0.00020 0.99197 0.495985
13 -161.0320 -161.03 0.99259 0.460
-161.0305 0.99259 0.496295
-161.0303 0.00166 7.96966 0.00021 0.99257 0.496285
14 -187.4070 -187.40 0.99339 0.465
-187.4055 0.99339 0.496695
-187.4052 0.00176 8.59476 0.00021 0.99309 0.496545
15 -215.7821 -215.78 0.99407 0.470
-215.7804 0.99407 0.497035
-215.7801 0.00196 9.21986 0.00021 0.99353 0.496765
16 -246.1571 -246.15 0.99465 0.475
-246.1554 0.99465 0.497325
-246.1551 0.00204 9.84494 0.00021 0.99393 0.496965
17 -278.5321 -278.53 0.99515 0.480
-278.5303 0.99515 0.497575
-278.5300 0.00210 10.47000 0.00020 0.99428 0.49714
18 -312.9071 -312.90 0.99559 0.486
-312.9051 0.99559 0.497795
-312.9050 0.00212 11.09502 0.00019 0.99459 0.497295
19 -349.2822 -349.28 0.99596 0.491
-349.2799 0.99596 0.49798
-349.2800 0.00220 11.72000 0.00019 0.99486 0.49743
20 -387.6572 -387.65 0.99629 0.496
-387.6546 0.99629 0.498145
-387.6551 0.00214 12.34494 0.00017 0.99511 0.497555
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Table III: Expectation values (in a.u.) for the Helium-like sequence at 1 ≤ Z ≤ 10 calculated
with function ΨHK (11) and parameters (12) (first rows), and with function ΨF (22) and
parameters (27) (second rows). Results labeled by a taken from [5, 13, 14].
Z 〈r1 · r2〉 〈δ(r1)〉 〈δ(r12)〉 〈δ(r1)δ(r2)〉
1 -1.064 0.162 0.002 0.003
-0.759 3 0.165 5 0.002 3 0.005 2
-0.687a 0.165a 0.003a 0.005a
2 -0.061 1.77 0.102 1.7
-0.071 1 1.782 0.097 0 1.81
-0.065a 1.81a 0.106a 1.9a
3 -0.016 6.75 0.52 30.2
-0.018 4 6.783 0.511 32.76
-0.017a 6.85a 0.53a
4 -0.006 9 17.03 1.49 220
-0.007 13 17.091 1.485 228.6
-0.006 91a 17.20a 1.52a 231a
5 -0.003 55 34.53 3.25 958
-0.003 48 34.616 3.254 987.5
34.76a 3.31a 996a
6 -0.002 08 61.19 6.03 3 121
-0.001 969 61.257 6.052 3 195.2
61.44a 6.14a 3 221a
7 -0.001 32 98.94 10.1 8 369
-0.001 232 98.910 10.11 8 521.7
99.16a 10.3a 8 596a
8 -0.000 89 149.69 15.6 19 527
-0.000 830 149.470 15.67 19789.4
149.83a 15.9a 19 975a
9 -0.000 63 215.37 22.9 40 843
-0.000 591 214.836 22.96 41 414.7
215.34a 23.3a 41 750a
10 -0.000 46 297.88 32.1 79 440
-0.000 438 296.910 3 32.22 79 924.7
-0.000 40a 297.62a 32.6a 80 763a
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Table III: (continuation) for 11 ≤ Z ≤ 20.
Z 〈r1 · r2〉 〈δ(r1)〉 〈δ(r12)〉 〈δ(r1)δ(r2)〉
11 -0.000 35 399.15 43.6 144 060
-0.000 336 397.598 43.68 144 547.7
12 -0.000 27 521.06 57.6 247 579
-0.000 264 518.810 57.59 247 880.6
13 -0.000 21 665.54 74.2 406 406
-0.000 211 662.461 74.19 406 632.9
14 -0.000 17 834.46 93.8 643 636
-0.000 172 830.471 93.72 642 448.5
15 -0.000 13 1 029.7 116.5 985 621
-0.000 142 1 024.76 116.43 982 803.1
16 -0.000 11 1 243.7 142.7 1.5× 106
-0.000 12 1 247.27 142.57 1.46× 106
17 -0.000 09 1 506.9 172.5 2.1× 106
-0.000 099 1 499.91 172.37 2.12× 106
18 -0.000 08 1 792.7 206.2 3.0× 106
-0.000 084 1 784.65 206.09 3.01× 106
19 -0.000 06 2 112.3 244.1 4.2× 106
-0.000 070 2 103.40 243.99 4.20× 106
20 -0.000 05 2 467.7 286.3 5.8× 106
-0.000 062 2 458.120 286.31 5.75× 106
C. Generalized Hylleraas-Kinoshita function
Even though trial functions (5) and (11) describe with high accuracy the energy of the
ground state for Helium-like systems in the domain of applicability of non-relativistic QED
(and beyond) these functions do not describe accurately the region of small inter-electronic
distances. It is well seen in a description of electron-electron cusp (see Table I and II,
first row). A further improvement of the trial function (11) in “r12 direction” is needed to
describe the linear behavior of the phase at large and small inter-electronic distances but
with different slopes 8. Simple interpolation consists in making the screening parameter γ
8 From physics point of view it means no screening at small distances (pure Coulomb repulsion of electrons)
occurs while a screening at large distances due to presence of nuclei “in between” the electrons does occur.
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dependable on r12,
γ → γ (1 + c r12)
(1 + d r12)
, (21)
where c, d are parameters, see e.g. [18]. This replacement effectively interpolates the value
of the screening parameter γ at small r12 to γc/d at large r12. This replacement leads to
7-parametric function of the form
ΨF =
1
2
(1 + P12)
[
(1− ar1 + br12) e−αZr1 − βZr2+ γr12
(1+cr12)
(1+dr12)
]
, (22)
where a, b, c, d, α, β, γ are Z-dependent parameters, P12 is permutation operator. Evidently,
for c = d = 0 the function ΨHK is reproduced. Formulas for cusps in terms of parameters
of the function (22) remains the same as for the Anzatz HK (11), see (13), (14).
As the first step we consider (22) as variational trial function, where all 7 free parameters
a, b, c, d, α, β, γ are variational parameters. It leads for Helium atom (Z = 2) to a certain
improvement of the variational energy E = −2.9032 and the electron-nuclear cusp CZ,e =
1.8602, but at the same time, the electron-electron cusp significantly deteriorates, Ce,e =
0.3643 in comparison to ΨHK , cf. Table II. This result indicates that the behavior of the
exact function at small inter-electron distances is still not well reproduced in variational
calculus: the energy is not that sensitive to the behavior of the wave function in the domain
near Coulomb singularity at r12 = 0.
Alternatively, one can require that the function (22) reproduces the exact values of both
cusps taking the relations (13) and (14) as constraints and treating the remaining 5 param-
eters as true variational. As for Helium Z = 2 such an approach turns to be excessively
restrictive: It leads to quite unsatisfactory variational energy E ∼ −2.87 a.u., cf. Table II.
Let us assume that relative local accuracy of the approximate wave function with respect
to the exact function is reflected in relative accuracies of both cusp parameters. The function
ΨHK leads already to sufficiently high relative accuracy in electron-nuclear cusp C
(HK)
Z,e for
all studied values of Z ∈ [1, 20]. A natural question to ask: Can the same relative accuracy
be reached for electron-electron cusp C˜
(F )
e,e , hence,
C˜(F )e,e =
1
2Z
C
(HK)
Z,e , (23)
keeping the same (or higher) relative accuracy in energy E, which correspond to the domain
of applicability of NRQED? Keeping α = αHK , β = βHK , a = aHK , which guarantee that
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C
(HK)
Z,e is unchanged, see (13), and making constrained variational calculations with (23)
demonstrate easily that answer is affirmative for all Z ∈ [1, 20], see in Table II, the second
rows for each Z. This result leads naturally to the next question: What is maximal relative
accuracy which can be reached with function (22) while both cusps constrained to
C(F )e,e =
1
2Z
C
(F )
Z,e , (24)
with the same (or higher) relative accuracy in electronic correlation energy 9, which is the
difference between total energy and sum of the ground state energies of two Z-Hydrogen
atoms:
Ecorr = E + Z
2 (≈ − 0.153282 + 0.624583Z) , (25)
see (15), with smooth, easily fitted parameters by simple functions in Z?
Carrying out the constrained variational calculations requiring the equality of cusps (24)
we observe always the smooth behavior of the parameters as functions of the nuclear charge
Z. It remains so even if we require a minimal deviation of cusps C
(F )
e,e , C
(F )
Z,e for the exact
values. The cusps we obtained in this procedure are fitted by
Ce,e = 1/2 − 0.05/Z + 0.024/Z2 − 0.021/Z3 ,
CZ,e = 2ZCe,e = 1 − 0.1/Z + 0.048/Z2 − 0.042/Z3 , (26)
see Fig.1, where CZ,e = CZ,e/Z is the normalized electron-nuclear cusp. Fitted parameters
for the function (22) are given by
αF = − 0.0673/Z + 1.049647 − 0.000842Z ,
βF = − 0.466383/Z + 0.919016 + 0.001578Z ,
γF = − 0.704459 + 0.752684Z − 1.52103Z
2
4.278577 − 4.017493Z − 0.388753Z2 ,
aF = −(αF + βF − 4Ce,e)Z ,
bF = Ce,e − γF ,
cF = − 0.036094/Z + 0.035756 − 0.007766Z − 0.001361Z2 ,
dF = − 0.090021/Z + 0.286716 + 0.040912Z − 0.002569Z2 , (27)
9 de facto we require the absolute deviation in energy should be ∼ (1− 2)× 10−3 for all Z ∈ [1, 20]
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Figure 1: Cusp parameters vs nuclear charge Z for Helium-like systems:
(a) normalized electron-nucleus cusp CZ,e = CZ,eZ :
from ΨHK (11) with parameters (12), Eq.(13) (dot-dashed line) and from ΨF (22) with
parameters (27) (solid line)
(b) electron-electron cusp Ce,e:
from ΨHK (11) with parameters (12), Eq.(14) (dotted line), from ΨF (22) constrained to
(23) (dashed line), from ΨF (22) with parameters (27) (solid line),
 0
 0.5
 1
 1  5  10  15  20
CZ,e /Z
Ce,e
Z
cf.(12).
Concrete results for the energies and cusp parameters vs Z obtained with the function
(22) and parameters (27) are shown in Table II: see third rows for each Z. We observe that
the energies corresponding to the function (22) are improved (or comparable) with respect
to the corresponding values obtained via the function (11), see the first rows for chosen
Z. Absolute deviation from the exact energies, see [2] and references therein, increases
gradually from ∼ 0.001 a.u. for Z = 1 to ∼ 0.002 a.u. at Z = 20. Simultaneously, the
relative deviation from electronic correlation energy Ecorr, see (25), drops gradually from
∼ 0.002 a.u. for Z = 1 to ∼ 0.0002 a.u. at Z = 20. Both cusps (following the relation (24))
are dramatically improved deviating from the exact values in ∼ 10% at Z = 1 and ∼ 8% at
Z = 2 to ∼ 0.5% for Z = 20. Making a comparison of the second and third rows for chosen
Z in Table II we have to note that the requirement to have a smooth easily fitted parameters
has its cost: at large Z cusp parameters are slightly worse than ones at third rows. Needless
to say that variational (non-fitted) parameters for the function (22) lead to cusp results
which are comparable (or better) than in the second rows. As the illustration the behavior
of normalized electron-nuclear cusp CZ,e and electron-electron cusp Ce,e for Z ∈ [1, 20] are
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shown on Fig.1 for the function ΨHK (11) with parameters (12) and for the function (22)
with parameters (27).
Following our assumption the maximal relative local deviation of the function (22) with
parameters (27) from the exact ground state eigenfunction is defined by relative deviation of
cusps from the exact cusps (residues at Coulomb singularities). It implies that the accuracy
in expectation values is about the same (or better) than accuracies in obtained cusp param-
eters. In Table III some expectation values are calculated using the function ΨHK (11) with
parameters (12) (first rows for each Z) and the function (22) with parameters (27) (second
row for each Z) making also comparison with combined results from [5, 13, 14]. It confirms
the above assumption! It implies that the function (22) with parameters (27) is uniform,
locally accurate approximation of the exact ground state eigenfunction.
II. LITHIUM-LIKE THREE-ELECTRON SYSTEM: GROUND STATE
A. Four trial functions
For Lithium-like system (3e;Z) we look for a compact function which describes the ground
state of total spin 1/2 in the form
ψ(~r1, ~r2, ~r3;χ) = A [φ(~r1, ~r2, ~r3;χ) ] , (28)
where χ is spin 1/2 eigenfunction made from three 1/2 spins of electrons, A is the three-
particle antisymmetrizer
A = 1− P12 − P13 − P23 + P231 + P312 , (29)
where Pij represents the permutation i ↔ j, and Pijk stands for the permutation of (123)
into (ijk) 10. Function φ in (28) is called the seed function and is of the form
φ(~r1, ~r2, ~r3;χ) = φ1(~r1, ~r2, ~r3)χ1 + C φ2(~r1, ~r2, ~r3)χ2 . (30)
It is spanned on two orthonormal spin 1/2 eigenfunctions χ1,2, the parameter C is intro-
duced for convenience to measure their relative contribution, see below. Following a similar
philosophy for selection of trial function for Helium-like system, we choose a trial function
10 Note that the permutations P231 and P312 correspond in standard notations to P123 and P132, respectively.
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for Lithium-like system in the form of a product of six Coulomb orbitals modified by linear
in r pre-factors. Hence, the explicitly correlated exponential orbital functions φ1,2 modified
by pre-factors are of the form
φ1(~r1, ~r2, ~r3;α
(1)
i , α
(1)
ij ; a3) = (1− a3r3) e−α
(1)
1 Zr1−α
(1)
2 Zr2−α
(1)
3 Zr3 eα
(1)
12 r12+α
(1)
13 r13+α
(1)
23 r23 , (31)
φ2(~r1, ~r2, ~r3;α
(2)
i , α
(2)
ij ; a1) = (1 + a1r1) e
−α
(2)
1 Zr1−α
(2)
2 Zr2−α
(2)
3 Zr3 eα
(2)
12 r12+α
(2)
13 r13+α
(2)
23 r23 , (32)
where α
(p)
i , α
(p)
ij j > i = 1, 2, 3 , p = 1, 2 , a1, a3 and C (see (30)) are free parameters.
Pre-factors in φ1,2 are chosen
11 assuming that the electrons (1, 2) are in total spin zero
state in φ1 while the electrons (2,3) are in total spin zero state in φ2, respectively, i.e. two
electrons (1, 2) or (2, 3) belong to the closed 1s2 shell while the remaining electron is on the
next shell. If pre-factors in φ1,2 are absent, a1 = a3 = 0 and all non-linear parameters in
(31), (32) coincide, α(1) = α(2), we arrive at the function which was studied in [10] for the
case Z = 3. In general, the function (28) is 15-parametric, it contains 3 linear and 12 non-
linear variational parameters. The function (28) is anti-symmetrized product of (1s2, 2s)
(modified by screening) electronic Coulomb orbitals for one-center problem of charge Z and
three electrons with the exponential correlation factors ∼ exp{(αij rij)}.
It is known that there are two linearly independent (normalized) spin 1/2 functions of
mixed symmetry made from three electronic spins 1/2; in particular, if electrons are labeled
by (1,2,3), they have the form
χ1 =
1√
2
[α(1)β(2)− β(1)α(2)]α(3) , (33)
and
χ2 =
1√
6
[2α(1)α(2)β(3)− β(1)α(2)α(3)−α(1)β(2)α(3)] , (34)
here α(i), β(i) are spin up, spin down eigenfunctions of i-th electron, respectively. These
functions correspond to the Young tableau 1 3
2
and 1 2
3
respectively. After applying the
antisymmetrizer (29) to the function (30) (see [15] for details) the result can be written as
ψ =
(
Pˆφ1φ1φ1 + CPˆφ1φ2φ2
)
χ1 +
(
Pˆφ2φ1φ1 + CPˆφ2φ2φ2
)
χ2 , (35)
11 Electrons are labeled by (1,2,3)
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where projectors are defined as following
Pˆφ1φ1 =
1
2
√
3
[2I + 2P12 − P13 − P23 − P231 − P312] ,
Pˆφ2φ2 =
1
2
√
3
[2I − 2P12 + P13 + P23 − P231 − P312] ,
Pˆφ2φ1 =
1
2
[P13 − P23 − P231 + P312] , Pˆφ1φ2 =
1
2
[P13 − P23 + P231 − P312] , (36)
where Iˆ is identity operator. Let us emphasize that even if one φ’s vanishes, φ1(φ2) = 0,
after the antisymmetrization both spin function contributions χ1,2 emerge in the resulting
function (35). Projectors Pˆφ1φ1 and Pˆφ2φ2 agree with those presented explicitly in [16].
However, Pˆφ1φ2 and Pˆφ2φ1 are not equal as was claimed in [16].
Besides the general case we also study two important particular cases of the ground state
wave function (30)-(32). They occur when some constraints on the parameters are imposed:
(a) a1 = a3 = 0, α
(1)
i = α
(2)
i ≡ αi, α(1)ij = α(2)ij ≡ αij , i = 1, 2, 3, j < i .
In this case the orbital parts are equal, φ1 = φ2 ≡ ϕ and the trial function appears in
a factorized form as orbital function multiplied by a linear superposition of spin 1/2
functions,
φ(~r1, ~r2, ~r3)χ = ϕ(~r1, ~r2, ~r3;α1, α2, . . .) (χ1 + Cχ2) , (37)
where
ϕ(~r1, ~r2, ~r3;α1, α2, . . .) = e
−α1Zr1−α2Zr2−α3Zr3 eα12r12+α13r13+α23r23 . (38)
At Z = 3 it coincides to the trial function ψ1 which was used for the first time in
[10] to study the Lithium atom 12. In total, this function contains 7 variational
parameters, α1, α2, . . . and C, which measures a relative contribution of the spin 1/2
eigenfunction χ2 in (37), see also (30). Recently, this trial function was used to study
the Lithium-like sequence for Z ∈ [3, 14] [2] in a search for a compact function which
would be able to describe the domain of applicability of the non-relativistic QED in
static approximation. In that study it was observed that the weight parameter C in
(37) grows monotonically with Z from ∼ 0.05 at Z = 3 to ∼ 0.5 for Z = 14. This
result suggests the importance of the second spin function χ2 contribution in (37),
which we will use in subsequent trial functions (b) and (c). In present study we have
12 Note that in [10], the value of the variational energy was printed −7.4547, which is slightly different from
the present one −7.4544 in 4th d.d. (see Table IV). It occurred due to a loss of accuracy in six-dimensional
integration: in present work it was verified by making calculations with higher accuracy.
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repeated the calculations by demanding a more smooth behavior of the variational
parameters as a function of Z which surprisingly improved the results of [2] in 4-5th
figures (see Table IV). Naturally, the function (37) provides a rough approximation
for the parameters for more general cases (b) and (c) (see below).
(b) a1 = a3 = 0 .
In this case the non-anti-symmetrized, seed function (30) contains the same type of
orbital function ϕ(~r1, ~r2, ~r3;α1, α2, . . .), as in (38), multiplying each spin eigenfunc-
tion χ1,2. Each orbital function is characterized by their own variational parameters,
i.e. φ1 = ϕ(~r1, ~r2, ~r3;α
(1)
1 , α
(1)
2 , . . .) and φ2 = ϕ(~r1, ~r2, ~r3;α
(2)
1 , α
(2)
2 , . . .). These orbital
functions are products of (screened) 1s Coulomb orbitals ∼ exp{−αiri} and explicitly
correlated exponential functions ∼ exp(αijrij), j>i=1,2,3. The Pauli principle is guar-
anteed since each 1s-orbital has different parameters (the same argument applies to
the trial function (a) given by the function (37)). After anti-symmetrization, the trial
function (35) contains both spin functions χ1,2 each multiplied by certain combinations
of spatial orbitals φ1,2 of mixed symmetry. In total, we have 13 variational parameters,
including the parameter C. The (non-symmetrized) seed trial function takes the form
φ(~r1, ~r2, ~r3)χ = ϕ(~r1, ~r2, ~r3;α
(1)
1 , α
(1)
2 , . . .)χ1 + Cϕ(~r1, ~r2, ~r3;α
(2)
1 , α
(2)
2 , . . .)χ2 , (39)
cf. (37), where the functions ϕ’s in r.h.s. are of the form given in (38).
(c) In the general case the orbital functions φ1,2 in (30) correspond to the product of two
1s (∼ exp(−αr)) and one 2s (∼ (1 + ar) exp(−αr)) modified by screened Coulomb or-
bitals, multiplied by (explicitly correlated) exponential functions ∼ exp(αijrij), which
mimics a Coulomb repulsion of electrons. Thus, two electrons occur in spin-singlet
state forming a closed shell with approximately equal distances to the heavy cen-
ter while 3rd electron is situated far away. In particular, the function φ1 describes
the situation when the far-distant electron labeled by 3 is given by the 2s orbital
while as for the function φ2 the electron labeled by 1 belongs the 2s orbital. In total
we have 15 variational parameters including the parameter C. Eventually, the seed
(non-symmetrized) function φ is of the form (30) with φ1, φ2 given by (31) and (32),
respectively.
By using three properties of the antisymmetrizer: (i) Aˆ commutes with the Hamiltonian
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Hˆ , (ii) Hermiticity (Aˆ = Aˆ†) and (iii) idempotency (Aˆ2 = Aˆ), the variational energy Evar
can be written as the ratio of two nine-dimensional integrals
Evar =
∫
[φ∗1HˆPˆφ1φ1φ1 + φ
∗
1HˆPˆφ1φ2φ2 + φ
∗
2HˆPˆφ2φ1φ1 + φ
∗
2HˆPˆφ2φ2φ2] dV∫
[φ∗1Pˆφ1φ1φ1 + φ
∗
1Pˆφ1φ2φ2 + φ
∗
2Pˆφ2φ1φ1 + φ
∗
2Pˆφ2φ2φ2] dV
, (40)
where dV is volume element. Note that in (40) the parameter C, see (30), (35), has been
absorbed into φ2.
After separation of the center-of-mass, in the space of relative coordinates of the general
four-body problem (r1, r2, r3, r12, r13, r23,Ω(θ1, θ2, θ3)), the integration over three angles in
{Ω}, describing overall orientation and rotation of the system, are easily performed analyt-
ically. Hence, the nine-dimensional integrals in (40) can be also reduced to six-dimensional
integrals over the relative distances (r1, r2, r3, r12, r13, r23) (for the general discussion see
[20]). It was shown a long ago by Fromm and Hill [21] that these integrals can be reduced to
a combination of one-dimensional ones (!) but with integrands involving dilogarithm func-
tions. The analytic properties of the resulting expressions for these integrands are found to
be unreasonably complicated (see e.g. [5]) for numerical evaluation. For that reason we used
the direct numerical evaluation of the six-dimensional integrals, by means of a numerical
adaptive multidimensional integration routine (Cubature). As for the minimization we em-
ploy the routine MINUIT from CERNLIB. A dedicated code was written in C++ with MPI
paralellization. The program was executed in the cluster KAREN at ICN-UNAM (Mexico)
using 120 Xeon processors with working frequencies 2.70GHz each.
It has to be noted that it was found recently that the ground state energy of the Lithium-
like systems as a function of Z in domain Z ∈ [3, 20] follows accurately the Majorana-type
formula [2],
E
(3)
M (Z) = −
9
8
Z2 + 1.02326Z − 0.416432 , (41)
in a.u., cf. (15). This fit reproduces at least 3-4 s.d. in the ground state energy leading, in
fact, to the exact NRQED energies at Z ∈ [3, 20]. In particular, for Lithium atom Z = 3 the
Majorana formula gives E
(3)
M (3) = −7.472 a.u. vs −7.478 a.u. as for the exact result, while
for Z = 10 it gives E
(3)
M (10) = −102.6838 a.u. vs −102.6822 a.u. as for the exact result (see
Ref. [2] for discussion).
Table IV shows the results of variational calculations of the ground state for Lithium-
like atoms of nuclear charges Z = 3, 4, . . . 12 and 18, 20 obtained with the compact trial
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functions (a) (37), (b) (39) and (c) (30)-(32), see 3rd column of Table compared with
the accurate results, see 2nd column, known in literature. The results demonstrate that
the simplest trial function (a) describes 2 s.d. of the ground state energy for Z = 3, 4
and it improves gradually with increasing Z up to 3-4 s.d. for the Lithium-like ions with
Z = 10, 11, 12, 18, 20. As for the function (b) the accuracy is (slightly) increased to ∼ 3− 4
s.d. (without rounding) uniformly in the whole range Z = 3 . . . 20. In turn, the compact
function (c) increases essentially the accuracy of the variational energy respect to the exact
value. For Lithium atom the relative difference is reduced from ∼ 0.32% as for the trial
function (a) to ∼ 0.06%, as for Ne7+ (Z = 10) from ∼ 0.42% of Ansatz (a), up to ∼ 0.007%
(see below). Thus, with the most general compact function (c) one can reproduce at least
4 s.d. of the exact energy in the entire range of Z = 3− 20 i.e. the domain of applicability
of the NRQED. The variational parameters behave smoothly as a function of the nuclear
charge Z: they can be fitted with high accuracy by a second degree polynomial in Z. The
results of fit of each parameter is collected in Table V for the compact functions (a) and
(c).
In order to check the local accuracy of the compact trial functions (37), (39), (30)-(32),
we evaluate the nuclear-electron CZ,e and electron-electron Ce,e cusp parameters defined as
follows
CZ,e ≡ −
〈δ(ri) ∂∂ri 〉
〈δ(ri)〉 , i = 1, 2, 3 , (42)
see e.g. [10], and
Ce,e ≡
〈δ(rij) ∂∂rij 〉
〈δ(rij)〉 , j > i = 1, 2, 3 . (43)
Based on the Schro¨dinger equation these parameters should take values Z and 1/2, re-
spectively. The values of the cusp parameters for the variational trial functions (37), (39),
(30)-(32) are shown in Table IV. These results indicate that all compact functions (a), (b)
and (c) with parameters fixed variationally describe with accuracy . 1 − 2% the nuclear-
electron cusp CZ,e in domain Z ∈ [3, 20], but fail to describe adequately the electron-electron
cusp Ce,e - the deviation from the exact value is ∼ 40 − 50% (see Table IV). Similarly to
two-electron case, the fact that the electron-electron cusp at rij = 0 is not well-reproduced
by the compact functions (a), (b) and (c) implies that they do not behave correctly in
vicinity of rij = 0. However, it does not seem to influence the quality of the variational
energy. One can see that the improvement of variational energy not necessarily leads to im-
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provement in a description of the cusp parameters. It turns out that the compact function
(b) provides systematically the most accurate values of cusp parameters in comparison (a)
and (c). Meanwhile, the compact function (c) gives the most accurate variational energies.
We were unable to find a modification of parameters of the compact function (c) (30)-
(32), see Table V, which would allow us to improve further the accuracy in electron-electron
cusp Ce,e without loosing accuracy in the expectation value for energy Eexp and electron-
nuclear cusp CZ,e. It definitely requires to make a further generalization of the function
(c) by adding certain linear in rij terms into pre-factors in (31)-(32) and/or modifying
some inter-electron rij-terms in Coulomb orbitals exponents. Evidently, such a modification
should support their linear in r behavior at small and large r. The simplest modification
which fulfils this requirement, is a rational function,
αij rij → αij rij 1 + cij rij
1 + dij rij
≡ αij rˆij , (44)
cf.(21) for the case of Helium sequence, as was proposed in [18], where {α, c, d} are param-
eters. It will be explored below.
(d) Following intuitive physics arguments a minimal modification of function (c) should
be
φ1(~r1, ~r2, ~r3; α
(1)
i , α
(1)
ij ; a3, b
(1)
12 , c12, d12) =
(1− a3r3 + b(1)12 r12) e−α
(1)
1 Zr1−α
(1)
2 Zr2−α
(1)
3 Zr3 eα
(1)
12 rˆ12+α
(1)
13 r13+α
(1)
23 r23 , (45)
as for the first orbital function, hence, the inter-electron interaction between (1,2)
electrons in spin-singlet state is modified by introducing the term b
(1)
12 r12 into pre-
factor and r12-dependent screening in rational form, see (44), in exponent, and
φ2(~r1, ~r2, ~r3; α
(2)
i , α
(2)
ij ; a1, b
(2)
23 , c23, d23) =
(1 + a1r1 + b
(2)
23 r23) e
−α
(2)
1 Zr1−α
(2)
2 Zr2−α
(2)
3 Zr3 eα
(2)
12 r12+α
(2)
13 r13+α
(2)
23 rˆ23 , (46)
as for the second orbital function, hence, the inter-electron interaction between (2,3)
electrons in spin-singlet state is modified by introducing the term b
(2)
23 r23 into pre-
factor and r23-dependent screening in rational form, see (44), in exponent in the seed
function (30),
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φ(d)(~r1, ~r2, ~r3;χ) = φ1(~r1, ~r2, ~r3; α
(1)
i , α
(1)
ij ; a3, b
(1)
12 , c12, d12)χ1 +
C φ2(~r1, ~r2, ~r3; α
(2)
i , α
(2)
ij ; a1, b
(2)
23 , c23, d23)χ2 . (47)
Here α
(p)
i , α
(p)
ij , j > i = 1, 2, 3 , p = 1, 2 , and a1, a3, b
(1)
12 , b
(2)
23 , c12, d12, c23, d23 and the
weight factor C are free parameters, in total, five of them are linear. In total, it is
characterized by 21 free parameters. If the parameters
a1 = a3 = b
(1)
12 = b
(2)
23 = c12 = d12 = c23 = d23 = 0 ,
the Anzatz (d) (47) degenerates to the Anzatz (b). If the parameters
b
(1)
12 = b
(2)
23 = c12 = d12 = c23 = d23 = 0 ,
the Anzatz (d) (47) degenerates to the Anzatz (c).
B. Results
The results of variational calculations are shown in Table IV. In the whole domain Z ∈
[3, 20] the deviation of the variational energy Evar from the exact one occurs in the 3rd d.d.
being much more accurate than the results (a), (b), (c). It fully reproduces the domain
of applicability of NRQED - the domain, which is free of any corrections (and beyond)! At
Z = 3 the variational energy differs from the exact one, see e.g. [2], in ∼ 0.03% and with
growth of Z it quickly reduces to ∼ 0.002% at Z = 20. It is demonstrated that the electronic
correlation energy - the difference between total energy and the sum of the energies of three
Hydrogen atoms where two are in ground state and third one is in the first excited state -
Ecorr = E +
9Z2
8
(≈ − 0.153282 + 0.624583Z) , (48)
see (41), grows linearly with Z, while it is relative deviation
∆E
Ecorr
=
Evar −Eexact
Ecorr
,
is of the order of 10−4 for Z ≤ 20. It decreases with growth of Z. Electron-nuclear cusp
CZ,e, see Fig.2, differs from exact one in ∼ 1% at Z = 3 and then gradually reduces to
. 0.1% at Z = 20. In turn, the electron-electron cusp, see Fig.3, differs in ∼ 35% for Z = 3;
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this difference gradually reduces to ∼ 3% for Z = 20. The most striking fact is that all
variational parameters behave smoothly and monotonously vs Z and easily interpolated by
the 2nd degree polynomials in Z, except for C, which is interpolated by the 2nd degree
polynomial in 1/Z2, see Table V. In Table VI the expectation values for inter-electron
distances, 〈rij〉 are 〈r−1ij 〉, are presented. Comparison with accurate results by Yan-Drake
[22] available for Z = 3 shows the coincidence in 3 s.d.: the difference occurs in 4th s.d.
 0.985
 0.99
 0.995
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Z
Figure 2: Lithium-like atomic ions: normalized electron-nuclear cusp (marked by crosses)
CZ,e = CZ,e/Z vs Z for function (d). Curve is the result of interpolation by splines.
Now let us make the general remark about significance of our choice for the trial function
(30). It has to be mentioned there were numerous discussions whether the second spin
function χ2 (or, equivalently, φ2 6= 0) should be included in the general trial function (see,
for instance, [17]). After all, the full anti-symmetrization of the trial function (28)-(30) takes
care of this fact and generates the total spin 1/2 function (35), where both spin functions χ1,2
are present and furthermore appear with equal weights (!), see below. Deviation from the
equality indicates the accuracy the accuracy of the calculation of the variational integrals.
The probability of finding each spin function can be computed as
Pχ1,2 =
∫
|〈χ1,2|ψ〉|2 dV , Pχ1 + Pχ2 = 1 . (49)
The probabilities (49) for the trial functions (a), (b), (c) and (d) are calculated and are
shown in Table IV. It can be noticed that the probability of finding spin functions χ1,2 are
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Figure 3: Lithium-like atomic ions: electron-electron cusp Ce,e (marked by crosses) vs Z
for function (d). Curve is the result of interpolation by splines.
very close to ∼ 1/2 each, almost independently on the trial function used (case (a), (b),
(c) or (d)). Nonetheless, the most general function (case (d)) fulfills this condition almost
exactly. In general, it can be shown that |〈χ2|ψ〉|2 and |〈χ1|ψ〉|2 are related via a certain
permutation, while the volume element dV is invariant. Hence, there must exist an operator
Cˆ such that
Cˆ(Pˆφ1φ1φ1 + Pˆφ1φ2φ2)
2 = (Pˆφ2φ1φ1 + Pˆφ2φ2φ2)
2 . (50)
This operator can be found explicitly,
Cˆ = −I + 2
3
(P12 + P13 + P23) . (51)
It explains why the equality
Pχ1 = Pχ2 ,
should hold. Deviations from this equality seen at Table IV are consequences of inaccuracies
in multidimensional integration.
Attempting to evaluate the contribution of φ2 from the seed function (30) to the final
result we have calculated a contribution to the normalization of the original trial function
with φ2 6= 0 coming from the function with φ2 = 0,
∆N =
∣∣∣∣N −N(C=0)N
∣∣∣∣ , (52)
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where N =
∫ |ψ|2 dV and N(C=0) = ∫ |ψ(C = 0)|2 dV . It is checked the dependence on the
relative contribution to the normalization ∆N for different trial functions (a), (b), (c),
(d), see Table IV. Systematically, the largest ∆N corresponds to case (b) for Z ∈ [3, 10],
while for the case (c) the smallest ∆N occurs at Z > 6 being in general of the order 10−1
for Z < 10 and dropping to ∼ 10−2 for Z > 10. As for the most accurate function (d) the
relative contribution ∆N to the normalization integral is always of the order of ∼ 10−2.
III. CONCLUSIONS
For the ground state of the Helium-like iso-electronic sequence (Z, 2e), which is spin-
singlet for any Z, it is constructed two ultra-compact accurate symmetric functions Ψ(+):
(i) a straightforward 5-parametric generalization of Hylleraas and Kinoshita functions Ψ
(+)
HK ,
which allow calculation of variational integrals and polynomial expectation values in closed
analytic form, and (ii) a non-trivial 7-parametric generalization Ψ
(+)
F of the function (i),
which allow to get the same relative accuracy in both cusp parameters and electronic cor-
relation energy. Both functions allow to get absolute accuracy in energies of 3 d.d. for
Z ∈ [1, 20], thus, they describe the domain of applicability of NRQED. The function (ii)
appears as uniform, locally accurate approximation of the exact ground state eigenfunction:
it provides the same (or better) relative accuracies in energies and several expectation values
(those are among the most difficult to get accurate results) as well as both cusp parameters
for all studied values of Z ∈ [1, 20]. Parameters of function (ii) are smooth, simply fitted
functions of Z.
Evidently, for spin-triplet state with lowest energy, the ultra-compact function should be
of the similar form as (22) but antisymmetric,
Ψ
(−)
F = (1− P12) (1− ar1 + br12) e−αZr1 −βZr2+ γr12
(1+cr12)
(1+dr12) ,
and, of course, with different parameters (a, b, α, β, γ, c, d). The results for this state as well
as for few spin-singlet and spin-triplet excited states will be presented in forthcoming work
[23].
For the ground state of Lithium-like sequence (Z, 3e), which is spin-doublet for all Z, it
is constructed consequently four ultra-compact functions (a), (b), (c), (d) in the form of
a generalization of previous ones. They depend on 7, 13, 15 and, eventually, 21 variational
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Table IV: Ground state 1 20+ (spin 1/2) of Lithium-like atoms 3 ≤ Z ≤ 20:
Exact energy Eex, extracted from [19], compared with variational energies E
(a,b,c,d)
v for
different compact functions (see text);
Correlation energy Ecorr (see text) and absolute deviation ∆E/Ecorr = (Ev −Eex)/Ecorr
shown;
Normalized electron-nuclear cusp parameter CZ,e ≡ CZ,e/Z (exact CZ,e = 1) and electronic
cusp parameter Ce,e (exact Ce,e = 1/2) presented;
Probabilities Pχ1 and difference in the normalization ∆N (see text) shown.
Z Eex(a.u.) Ev(a.u.) Ecorr(a.u.) ∆E/Ecorr CZ,e(= 1) Ce,e(= 1/2) Pχ1 ∆N
3 -7.4781 -7.4544a 0.984a 0.216a 0.5151a 0.1687a
-7.4700b 0.997b 0.222b 0.5144b 0.2298b
-7.4733c 0.988c 0.221c 0.4996c 0.0340c
-7.4757d 2.6493d 0.00091d 0.988d 0.326d 0.5001d 0.0546d
4 -14.3248 -14.2718a 0.982a 0.222a 0.5181a 0.0083a
-14.3059b 0.995b 0.230b 0.5168b 0.0861b
-14.3194c 0.989c 0.217c 0.5017c 0.0431c
-14.3219d 3.6781d 0.00079d 0.990d 0.328d 0.5001d 0.0409d
5 -23.4246 -23.3336a 0.981a 0.227a 0.5108a 0.0127a
-23.3931b 0.994b 0.241b 0.5116b 0.0872b
-23.4186c 0.990c 0.220c 0.4997c 0.0335c
-23.4216d 4.7034d 0.00064d 0.992d 0.333d 0.5001d 0.0245d
6 -34.7755 -34.6381a 0.982a 0.230a 0.5096a 0.0167a
-34.7335b 0.994b 0.263b 0.5117b 0.1377b
-34.7693c 0.992c 0.227c 0.5000c 0.0238c
-34.7724d 5.7276d 0.00054d 0.993d 0.342d 0.5000d 0.0173d
7 -48.3769 -48.1836a 0.984a 0.233a 0.5077a 0.0207a
-48.3181b 0.994b 0.278b 0.5113b 0.1862b
-48.3706c 0.994c 0.234c 0.4998c 0.0167c
-48.3738d 6.7512d 0.00046d 0.995d 0.352d 0.5000d 0.0140d
8 -64.2285 -63.9683a 0.986a 0.236a 0.5091a 0.0223a
-64.1530b 0.994b 0.300b 0.5135b 0.2376b
-64.2221c 0.995c 0.242c 0.5005c 0.0119c
-64.2254d 7.7746d 0.00040d 0.996d 0.362d 0.5000d 0.0127d
9 -82.3303 -81.9909a 0.989a 0.238a 0.5072a 0.0228a
-82.2540b 0.994b 0.342b 0.5141b 0.2572b
-82.3236c 0.996c 0.249c 0.5002c 0.0086c
-82.3270d 8.7980d 0.00038d 0.997d 0.373d 0.5000d 0.0122d
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Table IV: (continuation) 10 ≤ Z ≤ 20.
Z Eex(a.u.) Ev(a.u.) Ecorr(a.u.) ∆E/Ecorr CZ,e(= 1) Ce,e(= 1/2) Pχ1 ∆N
10 -102.6822 -102.2504a 0.993a 0.240a 0.5064a 0.0214a
-102.4703b 0.996b 0.374b 0.5138b 0.2186b
-102.6750c 0.996c 0.255c 0.5001c 0.0064c
-102.6786d 9.8214d 0.00037d 0.997d 0.384d 0.5000d 0.0119d
11 -125.2842 -124.7437a 0.996a 0.241a 0.5051a 0.0176a
-125.2762c 0.997c 0.261c 0.5003c 0.0049c
-125.2802d 10.8448d 0.00037d 0.998d 0.395d 0.5000d 0.0118d
12 -150.1362 -149.4590a 0.999a 0.242a 0.5057a 0.0111a
-150.1271c 0.997c 0.266c 0.5005c 0.0037c
-150.1317d 11.8683d 0.00038d 0.998d 0.405d 0.5001d 0.0115d
18 -346.4987 -346.4616c 0.998c 0.289c 0.5005c 0.0011c
-346.4902d 18.0098d 0.00047d 0.999d 0.454d 0.5001d 0.0084d
20 -429.9530 -429.8835c 0.998c 0.294c 0.5001c 0.0008c
-429.9433d 20.0567d 0.00048d 1.000d 0.465d 0.5001d 0.0070d
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parameters, respectively. With the increase in number of parameters the accuracy in energy
and the electron-nuclear cusp grows systematically for all Z ∈ [3, 20]: as for energy for the 21-
parametric ultra-compact (d): (45),(46),(47), the absolute deviation changes monotonously
from ∼ 0.0024 a.u. at Z = 3 to ∼ 0.01, while the (normalized) electron-nuclear cusp the
relative deviation changes monotonously from ∼ 1.2% to ∼ 0.1%. Hence, the domain of
applicability of NRQED for energy is described. Contrary to that, the electron-electron
cusp parameter does not display the systematic improvement with number of parameters in
ultra-compact functions used. The most accurate results are obtained with the 21-parametric
ultra-compact (d): electron-electron cusp Ce,e grows monotonously from 0.326 at Z = 3 to
0.465 at Z = 20. Thus, it deviates from ∼ 37% to ∼ 7% from the exact electron-electron
cusp depending on Z. A possibility to construct ultra-compact, uniform, locally accurate
function based on 21-parametric function (d): (45),(46),(47), which, in particular, supports
the relation between electron-nuclear and electron-electron cusp
CZ,e = 2Z Ce,e ,
similar to one for the Helium sequence, see (24), will be discussed in the forthcoming paper.
For the 21-parametric ultra-compact (d) in domain Z ∈ [3, 20] all 20 parameters are
fitted with high accuracy by the second degree polynomials in Z with a small coefficients
in front of Z2 terms and remaining linear parameter C is the second degree polynomials in
1/Z2. The ground state energy is well approximated by the Majorana polynomial in Z, see
(41). It is demonstrated that the probability of finding one of two spin 1/2 functions χ1,2 is
equal to 1/2.
Spin-doublet function (d): (45),(46),(47) is a linear superposition of two spin 1/2 func-
tions. It can be easily modified for spin-quartet state which is characterized by single spin
function of the type ααα. The results for spin-quartet state of the lowest energy will be
presented in the forthcoming paper [23].
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Table V: Ground state of Lithium-like atoms: non-linear and linear (C, a1, a3, b
(1)
12 , b
(2)
23 )
variational parameters versus Z for compact functions (a), (c) and (d).
Parameters Ansatz Fits
C (a) 0.036011− 0.009627Z + 0.003234Z2
(c) 27.3466Z−4
(d) 0.020633− 0.704076Z−2 + 35.461701Z−4
α
(1)
1 Z (a) 0.118708 + 1.082990Z − 0.007695Z2
(c) 0.132883 + 1.066090Z − 0.001248Z2
(d) 0.117679 + 1.075180Z − 0.001314Z2
α
(1)
2 Z (a) −0.12485 + 0.762885Z + 0.018467Z2
(c) −0.452075 + 0.938792Z + 0.001411Z2
(d) −0.458461 + 0.931199Z + 0.001172Z2
α
(1)
3 Z (a) −0.601591 + 0.353825Z − 0.004329Z2
(c) −0.820942 + 0.520317Z + 0.000027Z2
(d) −0.794084 + 0.514421Z − 0.000205Z2
α
(1)
12 (a) 0.202527 + 0.003792Z − 0.000105Z2
(c) 0.198833 + 0.008703Z − 0.000138Z2
(d) 0.334012 + 0.000512Z − 0.000006Z2
c
(1)
12 (d) −0.062074− 0.028250Z − 0.001939Z2
d
(1)
12 (d) −0.011397 + 0.004861Z + 0.005260Z2
α
(1)
13 (a) 0.024551 + 0.004852Z + 0.000059Z
2
(c) −0.004250 + 0.003478Z − 0.000104Z2
(d) 0.009782− 0.001745Z − 0.000006Z2
α
(1)
23 (a) −0.033252 + 0.028151Z − 0.000814Z2
(c) −0.010360 + 0.015041Z − 0.000287Z2
(d) −0.010546 + 0.015176Z − 0.000211Z2
a3 (c) 0.254687 + 0.590866Z − 0.007944Z2
(d) 0.374908 + 0.526201Z − 0.001442Z2
b
(1)
12 (d) 0.125408− 0.033504Z + 0.000697Z2
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Table V: (continuation) Ground state of Lithium-like atoms: non-linear variational
parameters and linear (a1, b
(2)
23 ) variational parameters vs Z for compact functions (c) and
(d).
Parameters Ansatz Fits
α
(2)
1 Z (c) −0.841197 + 1.107970Z + 0.000364Z2
(d) −0.662098 + 1.071650Z − 0.004807Z2
α
(2)
2 Z (c) −0.152647 + 0.772579Z − 0.000735Z2
(d) −0.182703 + 0.727755Z + 0.008832Z2
α
(2)
3 Z (c) 2.027660 + 0.078167Z − 0.002670Z2
(d) 1.171920 + 0.335452Z − 6× 10−9Z2
α
(2)
12 (c) −0.154935 + 0.245727Z − 0.002976Z2
(d) −0.029908 + 0.210006Z − 0.003575Z2
α
(2)
13 (c) 1.382690− 0.430197Z + 0.013276Z2
(d) 1.129170− 0.29125Z + 0.001001Z2
α
(2)
23 (c) −0.037915 + 0.128535Z − 0.004343Z2
(d) 0.175310 + 0.046071Z − 0.000450Z2
c
(2)
23 (d) 0.053815− 0.001464Z + 0.000052Z2
d
(2)
23 (d) −0.061936− 0.001216Z + 0.008384Z2
a1 (c) −0.484802 + 0.205159Z − 0.009918Z2
(d) −0.536084 + 0.205536Z − 0.002516Z2
b
(2)
23 (d) −0.106216 + 0.029348Z − 0.000014Z2
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Table VI: Expectation values for Lithium-like atoms vs Z using compact function (d);
(a) from [22], (b) from [10], function Ψ4,
(c) from the compact function (c)
Z 〈rij〉 〈r−1ij 〉
3 8.6711 2.2037
8.6684 a 2.1982 a
8.6552 b 2.2091 b
8.6531 c 2.2143 c
4 5.2771 3.2511
5 3.8383 4.2853
6 3.0324 5.3102
7 2.5092 6.3331
8 2.1402 7.3575
9 1.8655 8.3831
10 1.6554 9.3997
1.6520 c 9.4161 c
11 1.4847 10.4302
12 1.3466 11.4551
18 0.8681 17.5826
20 0.7764 19.6227
0.7717 c 19.6467 c
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